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1 Probability moments — definitions

with the probability distribution f(n) we find the generating function:

then the moments of statistics are

1. moment (n > = 0, F (.iE)l mean value
2. moment ( = 82 F(x } = 0, (n) variance
3. moment F(x } = 0,(An)?
1. moment of the square value:
<n2> = (9§F(x)|m:1 + 0, F(x)|,_,
then we find for the variance (2. moment)
- (o) -
example' energy
- S LY ey
mean value (E) =—03InZ, internal energy (1)
variance (An)*> = =03 In Z, (2)
3. moment mg = —03InZ, (3)



2 bases of thermodynamics

2.1 |. law of thermodynamics
dE =TdS — pdV + udN

=0Q + 6A+ 6nE
it follows
ok
T — =
<8S>V7N
(a7)
p=—(=
oV ) sn
= <§_]€) o = T <§—§>EV chemical potential
2.2 entropy

common definition

S = —kBanlnpn
S = —kg Tr(py In py,)

with p, : probability to find the system in state n

2.2.1 partial differentials of S(E,V, N)

By rearranging the I. law of thermodynamics we find the full differential

1
dS = —dE+ L av — Ean

T T T
it follows

(%)

T oF VN

p_ (0_S>

T 0 EN
K (0_5>

T ON V.E

(10)

(11)



2.2.2 maximum of S

The entropy S is maximum if all p,’s are equal. In a spin system for example, if all
spins are aligned. Maximum Value:

Smax = kglng (12)

2.3 extensive, intensive variable

Quantities are called extensive if the enlargement of the system enlarges the quantity
too (mass), and intensive if the quantity stays the same if the system is enlarged
(temperature, pressure, densities). So for one state-variable applies, if the system is
enlarged by a factor A:

x is extensive, if z+— Az ie. f(A\x) = \f(x)

r is intensive, if z+— x
examples:

e cxtensive {energy, mass, number of particles, heat capacity, entropy, volume}

e intensive {energy-density, density of particles, specific heat capacity, tempera-
ture, pressure }

2.4 homogeneous systems

from the extensivity of the entropy S(AE, AV, AN) = AS(E,V, N) follows

S:%E+%V—%N
which is called the Duham-Gibbs relation in this way

E=TS —pV +uN (13)
For the grand canonical ensemble J = E —T'S — uN we derive then

J(T, V. p) = —p(T, W)V (14)
and for the Gibbs potential

G(T,p,p) = pu(p, T)N (15)

2.5 thermodynamic potentials
2.5.1 thermodynamic force

The temperature T is the driving force for the heat and entropy exchange and the pres-
sure p is the driving force for the volume exchange. Thus 7" and p are thermodynamic
forces which lead to a change in state E(S,V, N).



2.5.2 Definition of thermodynamic potentials

energy
free energy

enthalpy

free enthalpy

grand canonical potential

E
F=FE-TS
H=FE+pV

G=FE-TS+pV
J=FE—-TS—uN

2.5.3 Differentials of thermodynamic potentials

From

dE.  =TdS —pdV + pdN
d(TS) = TdS + SdT
d(pV) =pdV +Vdp

we get

dE(S,V,N) =
dF(T,V,N
dH(S,p, N

TdS —pdV 4+ pdN
= —=SdT — pdV + udN

TdS+Vdp+ pdN
=SdT +Vdp+ pdN
—SdT —pdV — Ndu

2.5.4 partial differentials of thermodynamic potentials
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3 statistic ensembles
3.1 definitions

microcanonical ensemble
totally isolated system with fixed: E,V, N

canonical ensemble
isolated system in thermal contact (energy exchange) with fixed: T, V, N

grandcanonical ensemble
system with particle and energy exchange with fixed: T,V u

3.2 partition functions

The partition functions describe the System in equilibrium state:

microcanonical Q(E,V,N)
canonical Z(T,V,N)
grand canonical Zye(T, V., 1)

The probability P for being in a micro state:

JEV.N) — Jawvm E-OE<BEV.N)<E .
0 otherwise
1
pe(T,V,N) = 7 e P Gibbs/Boltzm. distr. (32)
1
poe(T Vo) = - ¢~ BE—pN) )

gc

with Q(£) : Number of states with energy £ — more precise: Q(E) = %. o(E) is
the number of states between 0 and E — we call it the phase volume. Then Q(FE) =
O(E+FE) — o(B).

The probabilities inhibit the normalisation conditions

Z p; =1 microcanonical, canonical, grand canonical (34)
Z p;E; = E  canonical, grand canonical (35)
Z piN; = N grand canonical (36)



the equivalent statistical operator is

1
> U)m(ﬂ (37)
J
A 1 —pH
Pc = Z € (38)
Pge = ZL e~ A=) (39)

gc

with the first normalisation condition follow the partition functions

QE,V,N) =) 1 (40)
E—SE<E( VN)

(T, V,N) Z gje (41)

Zge(T, V, 1) Zgj Ei=un) (42)

= Z PN Z (T, V,N) for classical gas (N; = N)
i
3.3 thermodynamic potentials

All partition functions are determined by the eigenvalues E; of an Hamiltonian. The
relation to the macroscopic thermodynamics is as follows:

S = ]CBIHQ:]{Z31D¢ (43)
F= —kgTInZz, (44)
J = —kgTIn Z,, (45)

From the full differentials can by partial differentiation the variables E,p,u, N be
found:

_ 1 p p
dS = =dBE - =dV — = dN (46)
dF = —SdT —pdV + ndN (47)
dJ = —SdT —pdV — Ndu (48)

So the derivation of the macroscopic structure from the microscopic structure, can be
schematised as follows

QUE,V,N) — S(E,V,N) all thermo-
H(V,N)— E;(V,N)—< Z(T,V,N) — F(T,V,N) — dynamic (49)
V

Zye(T, V) —  J(T,V,p) relations



The variables E, p, 3, u, N in terms of the partition functions:

microcanonical

B l@an
b= 379y
0ln )
b= OF
canonical
10InZ,
p — —
6 oV
Oln Z,
E = —
o]

grand canonical

10InZ7,
N = — ge
B ou
. 10InZ,
b= 5y
0lnZ
E = ——Z%€ N
o5 M
3.4 entropy

In general the entropy is S = —kg ), pn1Inp,
with these values for the probabilities p

p = 1/9(E) = 1/g
Pec = G_BE/ZC
Pge= e—ﬁ(E—MN)/Z

gc

we get
S =kglnQ =kglng

E
SC = ?—i_kBanc

E  uN
Sge= = = “TH{;BmZC

(52)

(53)



4 classical statistics

4.1 equipartition theorem

We find
OH
oy = kT 60
<]9 5’pm>d B ( )
oOH
[ = kgT 1
<$ axia>cl ’ (61)
from which follows
Dia o 1
<2m> = sl (62)

Theorem: each degree of freedom, on which the Hamiltonian depends quadratically
contributes the amount %k:BT to the total internal energy E.

4.2 Maxwell-Boltzmann-distribution

. 32 1 p° .
pup &5 = (2nmksT) ™%/ =32 exp (@_sz_m) d*p (63)
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5 one-atomic ideal gas

5.1 General properties

pV = NkgT
E = gNkBT
NV
= —]{TBTIH( \3 )

5.2 partition functions

(64)

(65)

For an ideal gas there is no interaction between the particles, so that Zy = ZV
We find by inserting values for the energy in the general terms the following partition

functions

Q(E,V,N) =V (%)N <%)3N/2

Z(T,V,N) = — (K)N

NI\ N3

2mh?
mk:BT

N
gcTV/,L ZN' ﬁMN<3)

5.3 phase volume

O(E,V,N) = = ( ’ )N

N! \ 873

1 /2mrE\ 2
mm 2

(67)
)
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6 ideal quantum gases

6.1 Bose particles

We have noninteracting, indistinguishable particles. To proceed we define their vari-
ables:

number of particles N

states A

set of occupation {n,}

total energy of set {n,} E{n,}

eigenvalues ex (energy of particle in state \)

occupation number ny=0,1,2,... (particles in state \)
with

N=> ny (68)

)
E{n)\} = Ze’:‘)\n)\ (69)
A
Example:

{n)\} = {1, 0,3,2,4,0,1,0,0,0,.. }
E{m\} = ley + 3e3 + 264 + 4deg + 1eg

In order to determine the partition function we sum over all possible configurations of
occupation numbers {n,}. According to the definition of the canonical ensemble the
number of particles are fixed:

Z(N)= Y e Pmi (70)
{na}
Sana=N
This is difficult do evaluate because N is not necessarily known and of a very high
magnitude, which makes the constrain hard to satisfy.
To overcome this problem one usually employs the Grand Canonical partition func-
tion, where the particle number is not fixed. Thus we have to sum over the number
of particles.

Z8 =Y (ZN)- ™)

N
_ Z Z e~ BE{nx}—pN)
N {na}

EA ny=N

12



by replacing E{n,} and N by their sums — where goes the first sum 77

= Z Z e Z)\EX’U\ MZA”A Z e~ Z,\(‘EA Hn)\)

N {TL)\} {nk}

— Z H Blex—p)na

{na} A

This is the sum over all possible configurations of occupation numbers, summed over
all states. This way each occupation number will change its number from zero to
infinity. Thus we can rearrange the summation

_HZ —Bex— um_HZ e BlEr— #)

A nx=0 A nx =0

by using the rule of geometrical sum we get finally the grand canonical partition
function

zE=T] (1 - e?erm)™ (71)

A
potential
JP(T,V,p) = —ksTIn Z};
= kT Y In(1— e’Enm) (72)

mean occupation number

1

(n)? = =0, )5 (T, Vo) = ———

6.2 Fermi particles

partition function

ch _ H Z e Plex—m)na

A nx=0,1

_ H (1 + e—ﬁ(fn—ﬂ)) (74)

potential
JE(T,V, ) = —kgTIn Z},
= —kgT ) In (14 7Enm)) (75)

13



mean occupation number

() = =0, (T V, ) = —s— (76)
density of states

CEDIICEE) (77)
With dispersion relation g, = hk?/2m we get exact numbers for density of states

3D ¢ ple) = gvg%fhgﬁ - (2—?)3/2 VE (78)

W ple) = (79)

D) = g (50)

6.3 variables in terms of generalised zeta function

Define:
N i )
n = v particle density
v 4 specific volume
= — v
N p
z = ePH fugacity

generalised zeta function

o0

1 (2) 1 vt
9u(2) } I'(v) / <41 da

mean occupation number / particle density

1 Fermi

D: n = L. 00 e (81)
2\ g1 Bose
Fermmi

2D n = i fi - Fermi (82)
A2 | g1 Bose
Formi

3 o= L. Q03 Fermi (83)
A3 g3 Bose

14



grand canonical potential

6.4 ideal Fermi gas (g=2)

Mean number of particles

(N) =2 / de ple)n(e)

Internal energy

(E) = 2/ de p(e) en(e)

Fermi-momentum

pr = hkp
Fermi-wave-vector

1D : kp = 2mn
oD : kp = (4wn)Y?
3D : kp = (3x%n)Y/?

Fermi-energy

6.5 ideal Bose gas (photon gas)

Total Energy (in quantisation)

E = ZthNK
K

mean occupation number (u = 0!)

1

kT | f 5 Fermi
gs Bose

15
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partition function

ZPhOt — H(l o e—,@flwk)—l
k

with Stefan Boltzmann constant

po T
~ 45(he)?
we find
Free energy F = kgTInZ = —Vb(kgT)*
entropy S = —(0rF)y = 4kgVb(ksT)?
internal energy E = F+TS = 3bV(kgT)*
E
pressure p = —(0vF)r = b(kgT)* = v

mean number of photons

(N)=2) (Ny)

6.5.1 Planck’s law

spektral density of the energy in black-body radiation

u(w) dw = D(w>m dw

with mode density

D(w) = ——

m2c3

6.6 phonon gas

dispersion relation

Wy = 2\/%5111(%]%)

Free energy

hw
FPhon(T, V) =Wy + Z Tk + ZkBTln(l - e_ﬁhwk)
k k

16
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density of states

internal energy

EPPon — Wy + By + 3N/g(w)hw (NP
0

! i
0
Vrlky (1 2
~Wo+Ey+ —2 =+ = | T
0 0t T3op (c? i c;?)
6.7 paramagnetism
energy states
Ey, = —gjupM;B
partition function:
Zn(T,B,N) = zN (noninteracting, distinguishable)

N J
— H Z e BEM,

with

= Z e T with x = Bg;BJ

My=—J

sinh (%x)

sinh (%)
define

1
f(T.B) = ~kaT<;In Zy

17
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magnetisation
(m) = —=0pf (T, B) = gjupJ By(x) (111)

Brillouin function

B(J,z) = (1 + %) coth Kl + %) x] - % coth (%) (112)

18



7 Thermodynamics (Phenomenological)

7.1 1. law of thermodynamics
follows from full differential of entropy

dE =TdS — pdV + udN
=6Q +0A +OnE

with

0QQ = TdS change in heat
0A = —pdV work done on the system
ONE = pdN chemical energy

7.2 Equations of state

E =kgT?*0rIn Z. = F caloric equation of state
oF .
p=—\|—=— =0p thermal equation of state
oV )y
oF . .
=== = U chemical equation of state
ON /1y

7.3 Thermodynamic coefficients

heat capacity

08 OE
pu T — f— —
=15, (o).,

0S OH
= T(a—T)E,p - (a—T)E,,,

compressibility
1oV
T <8_p) B
1oV
= (%),

expansion coefficient

= v \or o

19
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stress coeflicient
1/ 0p
-3(8)
p \OT BV
7.4 Thermodynamic relations

7.4.1 consequences of the I. law

S
e (3)
oV )rn

7.4.2 consequences of the integrebility conditions — Maxwell-relations

with the condition of twice continuously differentiable functions f(z,y):

Pf(x,y) _ f(x,y)
0x 0y Oyox

we obtain the Maxwell-relations by differentiating by the natural variables:

(). o

%) . energy E
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(
(

I

>ET ( )Tp
, aN :
E.p N Tp

= g®

Application of Maxwell relations
_80‘/ T 8_2]7
ov ), o172 ),
(), --+(2)
op ) ¢ oT? »

7.4.3 consequences of the homogeneity properties

P, i intensive:

p(T.V,N) = p(T,A\V,AN)
(T, V. N) = (T, A\V,AN)

leads to
Opy  _ VP (opy _ N1
ON)ry  N2\OV ),y VZer
7.4.4 change of thermodynamic variables
Y _ @
8T Vv N RT

1
C,—Cy=TVa>— >0
kT

(%Z)H - glar -1

21
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free enthalpy G
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8 Thermodynamic processes

Definitions
isobaric p = const

isochoric V = const
isothermal 7T = const
adiabatic  0Q) =0

8.1 quasistatic processes

we assume ideal gas: pV = NkgT', C), = éNkB, Cy = gNkB

We use the total differential of S : dS = <‘95 ) dp + (%)p n @V in the intergral of
7N ’

Q@ = [T dS in each process.

isobaric : p = const
oS 5
AQ:/T — dV:/deT:Cp(Tf—E) = —Nkg(Ty - T;) (132)
oV o 2
szfpdvzp/dv:pwf—m _ Nky(Ty—T;)  (133)

isochoric : = const

AQ — / <8S) dp:/CVdT:CV(Tf—T;) :%NkB(Tf—T;-) (134)
AW:/pdV =0 (135)

isothermal : 7" = const

AQ = T/ dS =T(Sf—5;) = NkgT In (%) (136)
1 Vi
AW = [ pdV = — | pVkidp = —NkgT Z—)dp = NkgT In A (137)
adiabatic : Q) = 0 or S = const
AQ = /(5@ =0 (138)
AW = /pdV = —-AF = gNk;B(TZ- —TY%) =Cy(T; — Ty) (139)
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